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Abstract
In this paper we show that every p-quasihyponormal operator has a scalar extension of order 6, i.e., is
similar to the restriction to a closed invariant subspace of a scalar operator of order 6, where 0 < p < 1. As
a corollary, we get that every p-quasihyponormal operator with rich spectra has a nontrivial invariant sub-
space. Also we show that Aluthge transforms preserve an analogue of the single-valued extension property
for W2(D,H) and an operator T .
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1. Introduction
Let H be a complex Hilbert space, and denoted by L(H) the algebra of all bounded linear
operators on H. If T ∈ L(H), we write σ(T ), σap(T ), σp(T ), and ω(T ) for the spectrum, the
approximate point spectrum, the point spectrum, and the Weyl spectrum of T , respectively.
An operator T ∈ L(H) is said to be p-hyponormal, 0 < p  1, if (T ∗T )p  (T T ∗)p where T ∗
is the adjoint of T . If p = 1, T is called hyponormal and if p = 12 , T is called semi-hyponormal.
Semi-hyponormal operators were introduced by Xia (see [19]), and p-hyponormal operators for
a general p, 0 < p  1, were introduced by Aluthge. There is a vast literature concerning p-
hyponormal operators. Any p-hyponormal operators are q-hyponormal if q  p by Löwner’s
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E. Ko / J. Math. Anal. Appl. 330 (2007) 80–90 81theorem (see [13]). But there are examples to show that the converse of the above statement is
not true (see [1]). An operator T ∈ L(H) is called p-quasihyponormal for 0 < p < 1 if
T ∗
[(
T ∗T
)p − (T T ∗)p]T  0
(see [18]). An arbitrary operator T ∈ L(H) has a unique polar decomposition T = U |T |, where
|T | = (T ∗T )1/2 and U is the appropriate partial isometry satisfying kerU = ker |T | = kerT
and kerU∗ = kerT ∗. Associated with T is a related operator |T |1/2U |T |1/2, called the Aluthge
transform of T , and denoted throughout this paper by T˜ . The transformation T → T˜ has been
widely studied in the context of hyponormal, p-hyponormal, etc., operators, partly because it
was proven in [1] that if T is p-hyponormal with 12  p < 1, then T˜ is hyponormal and if T is
p-hyponormal with 0 p < 12 , then T˜ is (p + 12 )-hyponormal and ˜˜T is hyponormal.
An operator T ∈ L(H) is said to satisfy the single-valued extension property if for any open
subset U in C, the function
T − z :O(U,H) →O(U,H)
defined by the obvious pointwise multiplication is one-to-one where O(U,H) denotes the
Fréchet space of H-valued analytic functions on U with respect to uniform topology. If T has
the single-valued extension property, then for any x ∈ H there exist a unique maximal open set
ρT (x) (⊃ ρ(T ), the resolvent set) and a unique H-valued analytic function f defined in ρT (x)
such that
(T − z)f (z) = x, z ∈ ρT (x).
An operator T ∈ L(H) is said to satisfy the property (β) if for every open subset G of C
and every sequence fn :G → H of H-valued analytic function such that (T − z)fn(z) converges
uniformly to 0 in norm on compact subset of G fn(z) converges uniformly to 0 in norm on
compact subsets of G (see [14,15]).
Let D be an open disc in C the complex plane. Let D¯ denote the closure of D in C. And let
Cm(D¯) denote the space of continuous complex-valued functions on D¯ with first, second, . . . ,
and mth order partials that have continuous extensions from D to D¯. The notation ‖f ‖∞ will be
used to denote the sup norm of a function f on D¯. Then define for f ∈ Cm(D¯),
‖f ‖ ≡ ‖f ‖∞ + ‖fx‖∞ + ‖fy‖∞ + · · · + ‖fyy···y‖∞
where for example fx denotes the partial with respect to the coordinate variable x. This makes
Cm(D¯) into a Banach space. Note that the pointwise product of two functions in Cm(D¯) is again
in Cm(D¯) (in fact, Cm(D¯) with this norm is a topological algebra).
A bounded linear operator S on H is called scalar of order m if for some open disc D in C
there exists a map
Φ :Cm(D¯) → L(H)
such that (1) Φ is an algebra homomorphism, and (2) Φ is continuous when the above norm is
used on Cm(D¯) and the operator norm is placed on L(H), and (3) Φ(z) = S, where z stands for
the identity function on C, and (4) the constant one function is mapped to the identity operator
on H. The map Φ is called a spectral resolution for S. An operator is subscalar of order m if it is
similar to the restriction of a scalar operator of order m to a closed invariant subspace (see [4,15]).
In 1984 M. Putinar showed in [16] that every hyponormal operator is subscalar of order 2.
In 1987 his theorem was used to show that hyponormal operators with thick spectra have a
nontrivial invariant subspace, a result due to S. Brown (see [3]). In this paper we show that
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every p-quasihyponormal operator with rich spectra has a nontrivial invariant subspace. Also we
show that Aluthge transforms preserve an analogue of the single-valued extension property for
W 2(D,H) and an operator T .
2. Preliminaries
Let dμ(z) denote the planar Lebesgue measure. Fix a complex (separable) Hilbert space H
and a bounded open disk D of C. We shall denote by L2(D,H) the Hilbert space of measurable
functions f :D → H, such that
‖f ‖2,D =
{∫
D
∥∥f (z)∥∥2 dμ(z)
} 1
2
< ∞.
The space of functions f ∈ L2(D,H) which are analytic on D (i.e., ∂¯f = 0) is denoted by
A2(D,H) = L2(D,H) ∩O(D,H).
A2(D,H) is called the Bergman space for D. Note that A2(D,H) is complete (i.e., A2(D,H) is
a Hilbert space). We denote by P the orthogonal projection of L2(D,H) onto A2(D,H).
Let us define now a Sobolev type space, called Wm(D,H) where D is a bounded disc in C.
Define Cm(D¯,H) in exactly the same way as Cm(D¯) except that the functions in the space are
now H-valued. For f ∈ Cm(D¯,H), let
‖f ‖2Wm =
m∑
i=0
∥∥∂¯ if ∥∥22,D.
Then let Wm(D,H) be the completion of Cm(D¯,H) under this norm. Note that Wm(D,H) is a
Hilbert space contained continuously in L2(D,H).
Now for f ∈ Cm(D¯,H), let Mf denote the operator on Wm(D,H) given by multiplication
by f . This defines a natural map
ΦM :C
m(D¯) → L(Wm(D,H)), ΦM(f ) = Mf .
Therefore, Mz is an m-scalar operator.
Let V :Wm(D,H) → ⊕m0 L2(D,H) be the operator defined by V (f ) = (f, ∂¯f, . . . , ∂¯mf ).
Since
‖Vf ‖2 = ‖f ‖2Wm =
m∑
i=0
∥∥∂¯ if ∥∥22,D,
an operator V is an isometry such that VMz = (⊕m0 Nz)V , where Nz is the multiplication opera-
tor on L2(D,H). Since (
⊕m
0 Nz) is normal, Mz is a subnormal operator. But Mz is not a Dunford
spectral operator (see [7]).
3. Main results
In this section we show that every p-quasihyponormal operator has a scalar extension of
order 6. For this we begin with the following lemma, which is the slight modification of [16].
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that for an arbitrary T ∈ L(H) and f ∈ Wk(D,H) we have∥∥(I − P)∂¯if ∥∥2,D  CD(
∥∥(T − z)∗∂¯ i+1f ∥∥2,D +
∥∥(T − z)∗∂¯ i+2f ∥∥2,D)
for i = 0,1, . . . , k−2, where P denotes the orthogonal projection of L2(D,H) onto the Bergman
space A2(D,H).
Next lemma is the important result for the proof of our main theorem.
Lemma 3.2. Let A be an operator matrix on H ⊕ H such that
A =
(
T R
0 0
)
where T = U |T | (polar decomposition) is a p-hyponormal operator and R is any operator in
L(H) and let D be a bounded disk which contains σ(A). Then the map V : H ⊕ H → H(D)
defined by
V h =˜1 ⊗ h (≡ 1 ⊗ h + (A − z)W 6(D,H) ⊕ W 6(D,H) )
is one-to-one and has closed range, where 1⊗h denotes the constant function sending any z ∈ D
to h = (h1, h2)t and H(D) := W 6(D,H)/(A − z)W 6(D,H) ⊕ W 6(D,H).
Proof. Let hn = (h1n,h2n)t ∈ H ⊕ H and fn = (f 1n , f 2n )t ∈ W 6(D,H)⊕W 6(D,H) be sequences
(in n) such that
lim
n→∞
∥∥(A − z)fn + 1 ⊗ hn∥∥W 6⊕W 6 = 0. (1)
Then we have
lim
n→∞
∥∥(T − z)f 1n + Rf 2n + 1 ⊗ h1n∥∥W 6 = 0 (2)
and
lim
n→∞
∥∥−zf 2n + 1 ⊗ h2n∥∥W 6 = 0. (3)
By applications of Lemma 3.1 with T = (0), we get
lim
n→∞
∥∥(I − P)∂¯if 2n ∥∥2,D = 0 (4)
for i = 0,1,2,3,4. From [6, Corollary 10.7], there exists a constant c > 0 such that
c
∥∥P ∂¯ifn∥∥2,D 
∥∥zP ∂¯ifn∥∥2,D (5)
for i = 0,1,2,3,4. From Eqs. (3)–(5) we get
lim
n→∞
∥∥∂¯ if 2n ∥∥2,D = 0 (6)
for i = 1,2,3,4. Hence from Eqs. (3), (4), and (6) we obtain
lim
n→∞
∥∥−zPf 2n + 1 ⊗ h2n∥∥2,D = 0.
Consider the disk B(0, r) ⊂ B(0, r) ⊂ D. Then for z ∈ ∂B(0, r),
lim
∥∥−zPf 2n (z) + 1 ⊗ h2n∥∥= 0n→∞
84 E. Ko / J. Math. Anal. Appl. 330 (2007) 80–90uniformly. Hence
lim
n→∞
∥∥∥∥ 12πi
∫
∂B(0,r)
Pf 2n (z) dz − h2n
∥∥∥∥= 0.
But by Cauchy’s theorem,
1
2πi
∫
∂B(0,r)
Pf 2n (z) dz = 0.
Hence limn→∞ h2n = 0. From Eqs. (2) and (6) we have
lim
n→∞
∥∥(T − z)∂¯if 1n ∥∥2,D = 0 (7)
for i = 1,2,3,4. Hence
lim
n→∞
∥∥(U |T | − z)∂¯ if 1n ∥∥2,D = 0 (8)
for i = 1,2,3,4.
(a) If 12  p  1, the result follows from [12, Lemma 4].
(b) Assume 0 < p < 12 . Since T˜ = |T |1/2U |T |1/2, from Eq. (8) we obtain
lim
n→∞
∥∥(T˜ − z)∂¯i(|T | 12 f 1n )∥∥2,D = 0 (9)
for i = 1,2,3,4. Since T˜ is semihyponormal by [1], it is easy to show that
lim
n→∞
∥∥(T˜ − z)∗∂¯ i(|T | 12 f 1n )∥∥2,D = 0 (10)
for i = 1,2,3,4. By Eq. (10) and Lemma 3.1, we have
lim
n→∞
∥∥(I − P)∂¯i(|T | 12 f 1n )∥∥2,D = 0 (11)
for i = 0,1,2, where P denotes the orthogonal projection of L2(D,H) onto A2(D,H). From
Eqs. (9) and (11), we get
lim
n→∞
∥∥(T˜ − z)P ∂¯i(|T | 12 f 1n )∥∥2,D = 0 (12)
for i = 0,1,2. Since T˜ is semi-hyponormal by [1], it satisfies the property (β). Therefore, from
Eq. (12) it is easy to show that for i = 1,2,
lim
n→∞
∥∥P ∂¯i(|T | 12 f 1n )∥∥2,D = 0. (13)
From Eqs. (11) and (13) we have that for i = 1,2,
lim
n→∞
∥∥∂¯ i(|T | 12 f 1n )∥∥2,D = 0. (14)
Since T = U |T |, from Eq. (14) we obtain that for i = 1,2,
lim
n→∞
∥∥T ∂¯if 1n ∥∥2,D = 0. (15)
Hence Eqs. (15) and (8) imply that
lim
∥∥z∂¯if 1n ∥∥2,D = 0, (16)n→∞
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∥∥−z∂¯f 1n ∥∥2,D +
∥∥−z∂¯2f 1n ∥∥2,D). (17)
From (16) and (17), we get
lim
n→∞
∥∥(I − P)f 1n ∥∥2,D = 0. (18)
From Eqs. (18) and (7), we conclude that
lim
n→∞
∥∥(T − z)Pf 1n + 1 ⊗ h1n∥∥2,D = 0. (19)
Let Γ be a curve in D surrounding σ(T ). Then for z ∈ Γ ,
lim
n→∞
∥∥Pf 1n (z) + (T − z)−1(1 ⊗ h1n)∥∥= 0
uniformly from Eq. (19). Hence by Riesz–Dunford functional calculus
lim
n→∞
∥∥∥∥ 12πi
∫
Γ
Pf 1n (z) dz + h1n
∥∥∥∥= 0.
But by Cauchy’s theorem,
1
2πi
∫
Γ
Pf 1n (z) dz = 0.
Hence limn→∞ h1n = 0. Thus the map V is one-to-one and has closed range. 
Next we generalize a surprising theorem of Putinar [16] for hyponormal operators to the
context of p-quasihyponormal operators.
Theorem 3.3. Every p-quasihyponormal operator is subscalar of order 6.
Proof. Suppose that T is a p-quasihyponormal operator. Then we have the following matrix
representation of T with respect to the decomposition H = ranT ⊕ kerT ∗:
T =
(
T1 T2
0 0
)
.
For any positive integer n such that 1
n
< p, we want to show that
(
T ∗1 T1
) 1
2n − (T1T ∗1 + T2T ∗2 ) 12n  0.
Since (T ∗T )1/2n  0, from [9] we can write
(
T ∗T
) 1
2n =
(
A C
C∗ B
)
where A 0, B  0, and there exists a contraction S such that C = A1/2SB1/2. By induction, it
is easy to show that
T ∗T =
(
A C
∗
)2n
=
(
A2
n + P ∗)C B ∗ ∗
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T ∗T =
(
T ∗1 T1 T ∗1 T2
T ∗2 T1 T ∗2 T2
)
,
we get that A2n + P = T ∗1 T1. Hence(
T ∗1 T1
) 1
2n = (A2n + P ) 12n A.
Also, since
T T ∗ =
(
T1T
∗
1 + T2T ∗2 0
0 0
)
,
we obtain that
(
T T ∗
) 1
2n =
(
(T1T
∗
1 + T2T ∗2 )
1
2n 0
0 0
)
.
Hence we have
T ∗
[(
T ∗T
) 1
2n − (T T ∗) 12n ]T =
(
T ∗1 [A − (T1T ∗1 + T2T ∗2 )
1
2n ]T1 ∗
∗ ∗
)
 0.
From [9], we get
T ∗1
[
A − (T1T ∗1 + T2T ∗2 ) 12n ]T1  0.
Hence we have
0A − (T1T ∗1 + T2T ∗2 ) 12n  (T ∗1 T1) 12n − (T1T ∗1 + T2T ∗2 ) 12n .
Thus T1 is a p-hyponormal operator.
Consider an arbitrary bounded open disk D in the complex plane C which contains σ(T ) and
the quotient space
H(D) = W 6(D, ranT ) ⊕ W 6(D,kerT ∗)/(T − z)W 6(D, ranT ) ⊕ W 6(D,kerT ∗)
endowed with the Hilbert space norm. The class of a vector f or an operator A on H(D) will be
denoted by f˜ , respectively A˜. Let M be the operator of multiplication by z on W 6(D, ranT ) ⊕
W 6(D,kerT ∗). As noted at the end of Section 2, M is a scalar operator of order 6 and has
a spectral resolution Φ . Let S ≡ M˜ . Since (T − z)W 6(D, ranT ) ⊕ W 6(D,kerT ∗) is invariant
under every operator Mf , f ∈ C6(D¯) ⊕ C6(D¯), we infer that S is a scalar operator of order 6
with a spectral resolution Φ˜ .
Consider the natural map V : H → H(D) defined by V h =˜1 ⊗ h, for h ∈ H, where 1 ⊗ h
denotes the constant function identically equal to h. Note that V T = SV .
V T h =˜1 ⊗ T h =˜z ⊗ h = M˜˜(1 ⊗ h) = SV h
for every h ∈ H. In particular ranV is an invariant subspace for S. Since V is one-to-one and has
closed range by Lemma 3.2, T is a subscalar operator of order 6. 
Since every p-quasihyponormal operator has a scalar extension of order 6, we have the fol-
lowing applications.
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interior has a nontrivial invariant subspace.
Proof. The proof follows from Theorem 3.3 and [8]. 
The following corollary shows that, exactly as for subnormal operators, the spectrum σ(T ) is
obtained from σ(M˜) by filling some bounded connected components of C\σ(M˜).
Corollary 3.5. Let T be a p-quasihyponormal operator in L(H). With the same notation of the
proof of Theorem 3.3,
∂σ (T ) ⊂ σ(M˜) ⊂ σ(T ).
Proof. Since σ(M˜) ⊂ σ(M|W 6(D,ranT )⊕W 6(D,kerT ∗)) ⊂ D¯, we conclude σ(M˜) ⊂ σ(T ). Since
∂σ (T ) is in σap(T ) and σap(T ) ⊂ σap(M˜), we complete the proof. 
Recall from [2] that an operator T ∈ L(H) is said to be power regular if limn→∞ ‖T nx‖1/n
exists for every x ∈ H.
Corollary 3.6. Every p-quasihyponormal operator is power regular.
Proof. It is known from Theorem 3.4 that every p-quasihyponormal operator is the restriction
of a scalar operator of order 6 to one of its closed invariant subspace. Since a scalar operator of
order 6 is power regular and the restriction of power regular operators to their invariant subspaces
clearly remain power regular, every p-quasihyponormal operator is power regular. 
Corollary 3.7. Every p-quasihyponormal operator satisfies the property (β). Hence it satisfies
the single-valued extension property.
Proof. Since every scalar operator satisfies the property (β) and the property (β) is transmitted
from an operator to its restrictions to closed invariant subspaces, it follows from Theorem 3.3 that
every p-quasihyponormal operator satisfies the property (β). Hence it satisfies the single-valued
extension property. 
Recall that an X ∈ L(H,K) is called a quasiaffinity if it has trivial kernel and dense range.
An operator A ∈ L(H) is said to be a quasiaffine transform of an operator T ∈ L(K) if there is a
quasiaffinity X ∈ L(H,K) such that XA = TX. Furthermore, operators A and T are said to be
quasisimilar if there are quasiaffinities X and Y such that XA = TX and AY = YT .
Corollary 3.8. Suppose T is a p-quasihyponormal operator in L(H) and suppose S ∈ L(H)
satisfy the property (β). If S and T are quasisimilar, then S satisfies Weyl’s theorem (i.e., σ(T )−
ω(T ) = π00(T ), where π00(T ) denotes the set of all eigenvalues of finite multiplicity of T ).
Proof. Since T satisfies the property (β) by Theorem 3.7, [17] implies that S satisfies Weyl’s
theorem if and only if T satisfies Weyl’s theorem. Since T satisfies Weyl’s theorem by [5], so
does S. 
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transform of T , then σ(T ) ⊆ σ(A).
Proof. The proof follows from Corollary 3.7 and [11, Theorem 3.2]. 
The next result shows that the Aluthge transform (defined in [10]) preserves an analogue of
the single-valued extension property for W 2(D,H) and an operator T .
Theorem 3.10. Let T = U |T | (polar decomposition) be an arbitrary operator in L(H). Then
the operator T − z :W 2(D,H) → W 2(D,H) is one-to-one if and only if T˜ − z :W 2(D,H) →
W 2(D,H) is one-to-one.
Proof. Assume T − z is one-to-one. If f ∈ W 2(D,H) be such that (T˜ − z)f = 0, then
(T − z)U |T | 12 f = 0. (20)
Since T − z is one-to-one, U |T |1/2f = 0. Hence T˜ f = 0. That means zf = 0, i.e., we get
z∂¯if = 0 for i = 0,1,2. Now apply Lemma 3.1 with T = (0). Then∥∥(I − P)f ∥∥2,D  CD(‖ − z∂¯f ‖2,D +
∥∥−z∂¯2f ∥∥2,D) (21)
where P denotes the orthogonal projection of L2(D,H) onto the Bergman space A2(D,H).
From Eq. (21) we have f = Pf . Hence zf = zPf = 0. By [6, Corollary 10.7], there exists a
constant c > 0 such that
c‖Pf ‖2,D  ‖zPf ‖2,D.
Hence f = Pf = 0.
Conversely, if T˜ − z is one-to-one, we can prove the result by the same argument. 
Corollary 3.11. Let T1 and T3 be p-hyponormal operators. Then
A − z =
(
T1 − z T2
0 T3 − z
)
:W 2(D,H) ⊕ W 2(D,H) → W 2(D,H) ⊕ W 2(D,H)
is one-to-one.
Proof. Let f = f1 ⊕ f2 ∈ W 2(D,H) ⊕ W 2(D,H) be such that (A − z)f = 0. Then(
T1 − z T2
0 T3 − z
)(
f1
f2
)
=
(
(T1 − z)f1 + T2f2
(T3 − z)f2
)
=
(0
0
)
.
So we have
(T1 − z)f1 + T2f2 = 0 (22)
and
(T3 − z)f2 = 0. (23)
Since T3 is p-hyponormal, ˜˜T 3 is hyponormal by [1]. Hence ˜˜T 3 − z is one-to-one from [16]. Thus
f2 = 0. Hence from Eq. (22) we have (T1 − z)f1 = 0. Again with the same argument, we obtain
f1 = 0. Thus f = 0. 
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one-to-one on W 2(D, ranT ) ⊕ W 2(D,kerT ∗).
Proof. If T is p-quasihyponormal, then we have the following matrix representation of T with
respect to the decomposition H = ranT ⊕ kerT ∗:
T =
(
T1 T2
0 0
)
where T1 is a p-hyponormal operator. By an application of Corollary 3.11 with T3 = (0), we
conclude that T − z is one-to-one on W 2(D, ranT ) ⊕ W 2(D,kerT ∗). 
Corollary 3.13. If an operator T ∈ L(H) is a nilpotent perturbation of a p-quasihyponormal
operator S, i.e., T = S + N where S is p-quasihyponormal, S and N commute, and Nm = 0,
then T − z is one-to-one on W 2(D, ranT ) ⊕ W 2(D,kerT ∗).
Proof. Let f ∈ W 2(D, ranT ) ⊕ W 2(D,kerT ∗) be such that (T − z)f = 0. Then
(S − z)f = −Nf. (24)
Hence (S − z)Nj−1f = −Njf for j = 1,2, . . . ,m. We prove that Njf = 0 for j =
0,1, . . . ,m− 1 by induction. Since Nm = 0,
(S − z)Nm−1f = −Nmf = 0.
Since S − z is one-to-one from Corollary 3.12, Nm−1f = 0. Assume it is true when j = k, i.e.,
Nkf = 0. From Eq. (24), we get
(S − z)Nk−1f = −Nkf = 0.
Since S − z is one-to-one from Corollary 3.12, Nk−1f = 0. By induction, we have f = 0. Hence
T − z is one-to-one. 
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